This is an author-deposited version published in: http://oatao.univ-toulouse.fr/ Eprints ID: 18394
Introduction
The transport of sand/water slurries along a horizontal pipeline is of commercial importance, and has therefore been the subject of many studies, reviewed by e.g., Peker and Helvacı (2008) ; Goharzadeh et al. (2013) ; and Soepyan et al. (2014) . The prediction and control of transport (or settling) of entrained sand in petroleum pipelines is similarly important ( Salama, 20 0 0 ) .
At high fluid velocities the particles are suspended and flow with the fluid. However, at low velocities the particles (if denser than the fluid) sediment under gravity, and a stationary bed of particles forms on the lower side of the pipe ( Turian et al., 1987 ) . Our interest here lies in the regime of moderate fluid shear stress on the bed, when particles at the bed surface are slowly entrained into a thin moving layer (e.g., Oroskar and Turian, 1980; Takahashi and Masuyama, 1991; Barnea, 1995, 1996; Turian et al., 1987; Peysson et al., 2009 ). This moving layer (the bedload layer) has a thickness of just a few particle diameters.
Many studies have concentrated on the flow rates of the sand and water as functions of the applied pressure gradient (e.g., Doron et al., 1987; Kuru et al., 1995; Ouriemi et al., 2009a ) . However, a crucial issue for bedload transport is the shear stress exerted by the fluid flow over the bed: this stress determines the particle flow rate. The upper surface of the bed is usually wavy (rather than plane), so that the shear stress and particle flow rate are non-uniform in the streamwise direction, leading to the propagation of a complex pattern of sand waves, see e.g., the review by Charru et al. (2013) . These waves are of both scientific and engineering interest: ripples and dunes are known to have strong consequences on flow rates and pressure gradients ( Takahashi et al., 1989; Takahashi and Masuyama, 1991; Ouriemi et al., 2009b; AlLababidi et al., 2012 ) .
The aim of this paper is to provide a set of area-averaged equations governing slow variations of the fluid flow and sand bed, consistent up to first-order in the small-slope parameter. We then use these equations to analyze the linear stability of the bed. The analysis is restricted to laminar flow, with the usual quasistatic assumption that the time scale for bed height variations is long compared to the hydrodynamic time scale, so that the flow may be calculated as if the bed profile were fixed.
We first ( Section 2 ) discuss the velocity profile and shear stresses in fluid flowing through a pipe in which the sand bed is uniform along the length of the pipe. When the height of the sand bed varies slowly in the axial direction, not only is there a slow variation in the axial velocity of fluid along the pipe, but secondary flows are set up in the cross-section. Such flows are discussed in Section 3 . In Section 4 we review a standard theory for the movement of sand grains at the bed surface due to the hydrodynamic bed stress. In Section 5 we derive the set of area-averaged equations for the fluid flow rate, particle flow rate and bed height, assuming that the sand flux is a function of the mean stress averaged over the width of the bed (the detailed stress distribution is ignored). The equations are based on the analysis of Luchini and Charru (2010a ) of slowly-varying laminar flows which appeals to the stationarity of the viscous dissipation term in the energy equation, combined with the approximation that the ratio of the shear force acting on the bed to the shear force acting on the wetted wall of the pipe is the same at first-order as at zeroth-order. These equations, although consistent up to the first-order in the small-slope parameter, require only the parallel-flow analytical results ( i.e., they do not require the calculation of the first-order flow disturbance over the slowly-varying sand bed). The validity of this analysis is confirmed by comparison with the full first-order numerical results presented in Section 3 . As an illustration of the use of the area-integrated equations, a stability analysis of the plane bed is performed in Section 6 .
The analysis is restricted to Newtonian fluids, and therefore is inappropriate for either concentrated slurries of particles or for non-Newtonian crude petroleum: however, it is a useful starting point even for such for fluids. The Reynolds number will be required to be sufficiently low for the basic flow within the pipe to be laminar, but, as is standard in long wavelength analysis of nearly parallel flow, the Reynolds number need not be small compared to unity (as will be discussed in Section 3 ). The regime that we shall investigate is that in which particles at the surface of the sand bed are just starting to move due to the stress imposed on them by the fluid flowing above them in the pipe. Thus the analysis applies to a restricted range of flow rates which is, nevertheless, an important one, since it separates the regime in which the bed is at rest (growing slowly if further particles are deposited) from that in which the particle bed starts to be eroded (as would be required for cleaning out the pipe). We shall re-visit these restrictions in Section 7 , where they can be made explicit in terms of the analysis of Sections 2 -6 .
Liquid flow through a pipe with a uniform sand bed
The geometry that we consider is shown in Fig. 1 . The pipe has radius R . A bed of sand at the base of the pipe subtends an angle 2 δ b at the center of the pipe, and has a plane, horizontal upper surface AEC. The upper part of the pipe is occupied by liquid, and the portion of the circular pipe wall that is wetted by liquid subtends an angle 2 δ w = 2(π − δ b ) at the center of the pipe.
We set up Cartesian coordinates, with z axis parallel to the axis of the pipe and with ( x , y ) in the cross-sectional plane of the pipe. The y axis is vertical, along the symmetry axis, and the x axis is horizontal, joining the two triple points A and C where liquid, the pipe wall and the sand bed meet ( Fig. 1 ) . We assume that the interface between the sand bed and the liquid is plane, and that it coincides with the x axis y = 0 . We shall occasionally use cylindrical polar coordinates ( r , ψ, z ), with ψ = 0 directed along the y axis.
The cross-sectional area A of the portion of pipe occupied by liquid can be found by elementary methods, and is
sin 2 δ w . Cross-section of the pipe, with sand at the bottom, and liquid above. The pipe has radius R and the maximum sand bed depth, EB, is h (3) . The sand bed width AEC has length C b , and the length of the wetted wall ADC is C w (2) .
In the cross-section, the length C b of the sand bed, and the length C w of the portion of the cylindrical wall wetted by liquid, are
The maximum height of the sand bed, at x = 0 , is
and we note for future use that
Particle velocities in the bedload layer are much smaller than the bulk fluid velocity, typically a fraction of the fluid velocity at a distance of one particle diameter above the bed at rest. Hence it is usual to calculate the fluid flow as if the wavy bottom were fixed ( Charru et al., 2013 ) , and the errors introduced by this approximation are small. The liquid therefore satisfies a no-slip boundary condition both at the bed/liquid interface and on the circular wall of the pipe.
Flow of two fluids in such a geometry has been well studied ( Bentwich, 1964; Ranger and Davis, 1979; Brauner et al., 1996; Biberg and Halvorsen, 20 0 0 ) , because of its importance when pumping two fluids that have separated due to their density difference. If the viscosity of the lower fluid is taken to be infinite, this lower fluid becomes stationary, and the flow of the upper fluid corresponds to fluid flowing above a sand bed. We present a short summary of the analysis and analytic predictions for this case of a uniform flat bed in Appendix A . However, we shall eventually need to use numerical methods, and it is convenient to do so even for the simplest case of a uniform sand bed. The analytic results then provide a useful check on the accuracy of the numerical scheme.
The liquid is assumed to be Newtonian and incompressible, with density ρ and viscosity η. If the bed of sand is uniform, the liquid velocity w in the z direction satisfies
where −G < 0 is the axial pressure gradient. We solved the Poisson Eq. (5) , subject to a no slip condition at the boundaries, by means of the finite element package FreeFem ++ ( Hecht, 2012 ) . By way of example, Fig. 2 shows isolines of the velocity w (x, y ) , normalized by Q / R 2 where Q is the volumetric flow rate, for the case h/R = 0 . 5 .
Note that the maximum velocity is greater than the value 2/ π for h/R = 0 , as expected. The computed dimensionless flow rate
is shown in Fig. 3 as a function of h / R . This can be compared against the analytic result obtained by Ranger and Davis (1979) , which takes the form
where
Details are given in Appendix A.2 , and the finite element computations are accurate to within 0.02%. In the Appendix it is also shown that the integral I (8) is closely approximated by
When this approximation is inserted into the expression (7) for Q , the errors are less than 0.34% for all δ w . The height h of the sand bed is related to the angle δ w by the relation (3) , and from now on we shall consider ˆ Q to be a function of h , rather than of δ w . It is shown in Eq. (115) 
be seen in Fig. 3 .
The shear stress τ b = τ yz over the sand bed C b , and the shear stress τ w = τ rz over the wetted wall C w of the cylinder, are nonuniform. Computational results for these shear stresses, normalized by GR , are shown in Fig. 4 . For h/R = 0 . 25 (small sand content), the bed shear stress τ b varies strongly, with maximum value larger than 1 2 GR ; τ w is nearly uniform and close to the value 1 2 GR (the classical value for Poiseuille flow), and decreases sharply as the sand bed is approached ( | ψ| δ w ). For higher sand content ( h/R = 1 and h/R = 1 . 75 ), both stresses are smaller than at low sand content, as expected (increasing bed height at constant pressure gradient corresponds to decreasing flow rate).
We shall later need the average shear stresses over the sand bed and wetted wall: The mean liquid velocity w in the pipe is The stability analysis of Section 6 requires the shape factor α of the profile of w 2 over the cross section, i.e.,
Results for α, scaled by the value α ns = 4 / 3 for a pipe with no sand, are shown in Fig. 6 as a function of h / R . They vary little over the entire range of h , and may be approximated by
The end point α(h = 2 R ) = 35 / 33 can be found analytically (Appendix A.5 ). Similarly, we shall require the shape factor β of the profile of w 3 :
Results for β, scaled by the value β ns = 2 for a pipe with no sand, are shown in Fig. 6 and (like those for α) vary little over the entire range of h . They are approximated by
The end point β(h = 2 R ) = 490 / 429 can again be found analytically ( Appendix A.5 ).
A slowly varying sand bed
We now consider a sand bed with a height h ( z ) that varies slowly as a function of the axial position z . A first approximation to the fluid velocity is given by the velocity w found in Section 2 at the appropriate local value of the height h of the sand bed. However, secondary flows must be established in order to allow the fluid velocity to evolve as it moves along the pipe. In particular, the streamlines will no longer be parallel to the pipe axis, and inertial effects are introduced: a standard example is Dean flow in a helical pipe ( Berger et al., 1983 ) .
We follow the exposition of Manton (1971) who considers flow through a circular pipe with diameter that varies slowly with position z along the pipe. The cross-sectional area of such a pipe changes, but not the shape. A related problem of flow through a pipe with an elliptical cross-section is studied by Todd (1977) . The aspect ratio of the ellipse remains constant, but the ellipse axes rotate with position along the pipe. Thus the cross-sectional area of pipe remains constant, but the shape changes. In the partially sand-filled pipe considered here, both the shape and area of the cross-section change with position along the pipe.
In this Section, we choose the pipe radius R , the velocity W = Q/R 2 and the stress ηW / R as the length, velocity and pressure scales, respectively. Since the flow rate is constant along the pipe due to incompressibility, these scales are constant too, unlike the pressure gradient which varies slowly. The steady non-dimensional Navier-Stokes equations are
is the Reynolds number. We now assume that changes in the z direction (along the pipe axis) occur slowly over a lengthscale O ( R / ǫ), where ǫ ≪ 1 is a typical bed slope. Since W = Q/R 2 is a typical fluid velocity in the
continuity, and inertial corrections to the axial velocity field are O ( W ǫRe). Thus, we follow ( Manton, 1971 ) and seek an expansion of the (dimensionless) fluid velocity and pressure in the form
is a Stokes flow correction due to incompressibility, and h ′ Re u (1i) ∼ O ( ǫRe) is the first inertial correction. Thus, as is usual in problems of nearly unidirectional flow, we require only that ǫRe ≪ 1 (subject, of course, to the Reynolds number being sufficiently small to avoid transition to turbulence). The leading order solution consists of an axial flow u (0) = (0 , 0 , w (0) ) , where w 0 satisfies the equation
where ∇ 2 H is the (dimensionless) two-dimensional Laplace operator
We recover here the uniform flow problem discussed in Section 2 , Eq. (5) , whose dimensional solution is given in Appendix A1, Eq. (104) , with pressure gradient G ( Q ) given by (112) , or, in dimensionless form:
In the present case of non-uniform flow, slow variations of the bed height along the pipe imply slow variations of ˆ Q (h/R ) according to (7) , and therefore slow variations of the pressure gradient (23) .
To find the Stokes flow correction
ated with the slow changes in the z -direction of the velocity field 
w (0) , we shall require the derivative ∂ w (0) /∂ z. One method to determine ∂ w (0) /∂ z would be to differentiate the analytic expression (104) , holding ( x , y ) constant. However, the results are unwieldy, and we again turn to numerical computation. Differentiating (21) with respect to z and using (23) , we find For positive bed slope, the flow is accelerated, except close to the bed where it slows down due to the approach of the no-slip bed boundary at which the fluid velocity is zero.
At O ( ǫ), the Navier-Stokes equations become
with incompressibility in the ( x , y ) plane replaced by the forced equation
We require u (1 s ) = v (1 s ) = 0 on the boundary, which is consistent with (27) since incompressibility imposes that the integral
over the cross-sectional area A of the liquid is zero. The above equations for the Stokes corrections u (1s) and p (1s) were solved numerically by means of FreeFem ++ , and typical results for the velocities u (1s) and v (1 s ) are shown in Fig. 8 . The vertical component v (1 s ) is positive and much larger than u (1s) , so that, for h ′ > 0, the flow is predominantly upwards (no eddies). Close to the bed, the direction of the horizontal Stokes correction (and shear stress) depends on the bed height: for h / R < 1, the fluid pushed upwards by the rising bed ( h ′ > 0) flows into the corners, so as to move sand grains from the center of the bed towards the walls ( Fig. 8 a) , whereas for h / R > 1, the directions are reversed ( Fig. 8 c) , with the transition between the two behaviors at h/R = 1 .
Pressure gradients in the ( x , y ) plane are O ( ǫG ). The nonuniform pressure p (1s) over the ( x , y ) plane varies slowly in the z direction, leading to axial pressure gradients that are non-uniform over the ( x , y ) plane only at O ( ǫ 2 G ). They can therefore be neglected at the order to which we are working. We now consider inertial effects. In particular, we shall require the inertial correction w (1 i ) to the axial velocity, which satisfies
with boundary condition w (1 i ) = 0 on both the pipe wall and the surface of the sand bed. Once again, incompressibility implies that the volumetric flow rate Q is fixed, and so the pressure gradient (29) must be chosen in such a way that the integral
is zero. An easy way to achieve this is first to solve (29) for w
, and then to correct the volumetric flow rate by picking the pressure gradient to be
(As discussed above, the axial pressure gradient related to the Stokes secondary flow, ∂ p (1 s ) / ∂ z , is of higher order.) The corresponding axial velocity is Fig. 9 shows a typical velocity field for w (1 i ) . The correction is negative in the core of the pipe, corresponding to the retarding effect of inertia in an accelerating flow, and positive near the boundaries in order to satisfy the zero net flux condition. The dimensional shear stress on the sand bed and on the pipe wall can be written as
where τ (0) and τ (1i) are non-dimensional stresses corresponding to the non-dimensional velocities w (0) and w (1 i ) . However, stresses scaled by ηW/R = GR ˆ Q become infinite as the bed fills with sand (i.e., as h → 2 R ), in the same way as the non-dimensional unperturbed pressure gradient 1 / ˆ Q becomes infinite when h → 2 R with the flow rate Q held constant. It is therefore more convenient to discuss the inertial stresses scaled by GR , rather than by GR ˆ Q . This scaling, used previously in Figs The mean, scaled stress perturbation, averaged over the surface of the sand bed, is
and the mean, scaled stress over the wetted surface of the pipe is These mean stresses, together with the pressure gradient ∂ p (1i) / ∂ z , are shown in Fig. 11 . When the bed thickness h is small, the area of the bed increases as h 3/2 : the mean inertial bed and wall stresses, and the inertial pressure gradient, are all small. When h → 2 R and the bed is nearly full of sand, it is shown in Eq. (148) 
w are equal and decrease as (2 − h/R ) 1 / 2 , whereas the perturbation pressure gradient (146) . We see from Fig. 11 that there is good agreement between the FreeFem ++ numerical computations of the perturbed stresses and the asymptotic expressions when 2 − h/R ≪ 1 . When FreeFem ++ was used in Section 2 to determine the fluid velocity w (0) above a uniform sand bed, we could assess the accuracy of the results by comparing them against the analysis of Appendices A .1 -A .3 . In general we have no analytic results by which we might assess the accuracy of the computed inertial corrections (other than in the limit 2 − h/R ≪ 1 ). However, taking h/R = 0 . 5 as an example, we note that a reduction of the number of triangular elements used by FreeFem ++ from 24290 to 6182 changed the computed inertial pressure gradient and mean wall and bed stresses by less than 0.06%. Finally, we consider the ratio of the inertial force on the sand bed to the total inertial force on the bed and wetted cylinder wall, 
and compare this to the ratio of the Stokes forces, i.e., by (11) and (12) , Fig. 12 (a) shows that the ratios (36) and (37) remain close indeed, over the whole range of h / R . It can be seen that as h / R tends to 2, both force ratios tend to 0.5: in this limit the geometry is approaching that of a long narrow slot, for which we know that the stresses on the top and bottom are equal ( Luchini and Charru, 2010a ) , hence the ratio 0.5. This result is also consistent with the analytic results (130) which displays the ratio of (36) to (37) ,
as a function of h / R . We see that it is close to one over the whole range of h / R . Thus, strikingly, the ratio of the mean inertial stress on the bed to that on the wall can be accurately estimated from the leading-order calculations.
Sand transport
We first review the theory of sand transport under a plane flow, i.e. for fluid flow in the z -direction above a plane sand bed y = 0 , with no variation in the spanwise x -direction, as discussed by Charru et al. (2013) . We assume that the sand particles are spherical, with diameter d , density ρ p , and Stokes sedimentation
where g is the acceleration due to gravity.
It is known from experiment that sand particles on the bed surface do not move unless the shear stress τ b acting on the bed exceeds a critical value, i.e., unless
where the dimensionless bed shear stress θ is known as the Shields number. For a horizontal bed, the critical Shields number θ t = θ t0 ≈ 0 . 12 ( Charru et al., 2004; Ouriemi et al., 2009a ) . For a non-zero bed slope ∂ h / ∂ z , gravity pulls the grains downhill, and this effect may be included by modifying the critical Shields number to
where χ ≈ 25 °is the effective friction angle of the grains ( Fredsøe, 1974 ) .
If θ > θ t the grains move, and there is a flux q of grains in the flowing bedload (per unit length in the x direction). When equilibrium is achieved, the volume flux q of the particles (per unit bed width) saturates to Charru et al. (2004) q sat = c q
with c q = 0 . 85 in the experiments and where the inclusion of the bed solid volume fraction (1 − φ) slightly simplifies the subsequent equations.
If the wall shear stress τ b varies in time or space, the particle flux q differs from the local equilibrium value, though usually not by much. The relaxation of the particle flux towards the new equilibrium can therefore be described by a linear equation
where t is time, T sat is the saturation time and L sat the saturation length. The saturation time scale T sat is rapid (typically 1 s) compared to the timescale for the growth of instabilities of the bed: we therefore set this term to zero, so that
The concept of a saturation length L sat dates back to Bagnold (1941 Bagnold ( , 1979 ) (see e.g., Andreotti et al., 2013 ) . The saturation length L sat is poorly characterized. Following Charru (2006) we assume that it is given by the deposition length 
For the present case of pipe flow, both the shear stress on the bed and the particle flux vary in the spanwise x -direction. Nevertheless, to be consistent with the simplification that the interface between the sand bed and the liquid is plane, we assume that the dependence of the mean particle flux in the z -direction, q sat , on the mean shear stress τ b is still given by (42) , i.e., q sat = q sat ( τ b ) .
Then, for pipe flow, the mass conservation Eq. (46) becomes
or, using Eqs. (2) -(4) , ∂h ∂t
where h ′ = ∂ h/∂ z is the bed slope. The last term in (48) accounts for the variation of C b with h (or δ w ). Note that this term is zero for a half-filled pipe ( δ w = π / 2 ).
Area-averaged equations
As in Section 3 , we nondimensionalize lengths by R , velocities by W = Q/R 2 , stresses by ηW/R = ηQ/R 3 , and time by R 3 / Q , and use the Reynolds number Re = ρW R/η (19) . We still assume that the surface of the perturbed bed remains horizontal in the crosssectional ( x , y ) plane, so that the bed height h is a function only of the z -coordinate along the axis of the pipe.
Consistent area-averaged equations
Averaging the conservation equations over the section of the pipe provides a useful set of simplified equations governing the slow variations of two-phase flows, see e.g., Lin and Hanratty (1986) . Such equations are widely used in engineering applications. However, the averaging process loses information, so that some closure law for the shear stress must be introduced. The closure law may be empirical, or taken from the calculation of the firstorder correction of the leading-order parallel flow, using an expansion of the dependent variables in terms of the small-slope parameter ǫ = h ′ . We follow here an alternative method proposed by Charru (2010a , 2010b) , which provides consistent equations (correct to first-order) without the need for full firstorder calculations. However, a difficulty arises in the pipe flow considered here because the method of Luchini and Charru gives the total integral of the boundary shear stress acting on the fluid but is unable to distinguish the separate contributions of the wall and bed stresses. The separation of these two contributions will be handled by an approximation discussed in Section 5.2 .
The equations of continuity, axial momentum, and kinetic energy, when averaged over the cross-sectional area A of the liquid, are
∂A ∂t
and Re 2
is the rate of dissipation of energy per unit length of the pipe.
At leading order in the small-slope parameter ǫ, Eqs. (49) - (51) are satisfied by uniaxial flow with velocity w (0) over a sand bed of uniform depth h equal to the local bed depth, as discussed in Section 2 . We now seek corrections to this flow caused by slow O ( ǫ) changes in the bed depth. When working to O ( ǫ), it suffices to approximate the integrals on the left-hand sides of Eqs. (49) - (51) by an integral of the steady axial velocity w (0) at the local bed depth h and local volumetric flow rate,
together with shape coefficients α (14) and β (16) of the unperturbed velocity profile:
Note that changes in the bed height h ( z , t ) with time lead to changes in the local volumetric volume flow rate, so that w A is not necessarily equal to 1.
We saw in Section 3 that ∂ p / ∂ z is a function only of z at O ( ǫ)
and is independent of ( x , y ), and can therefore be taken outside the integrals on the right-hand sides of Eqs. (50) - (51) . The averaged Eqs. (49) - (51) therefore simplify to ∂A ∂t
Re
Any attempt to work solely with the averaged equations of continuity (55) and momentum (56) to determine variations in the pressure gradient requires some semi-empirical closure law for the shear stresses in (56) , and such closure laws do not usually correctly capture the O ( ǫ) change in the stress. For example, the resulting dispersion relation for free surface waves of infinitesimal amplitude is wrong ( Luchini and Charru, 2010a ) . The shear stresses on our bed of sand in a pipe may be obtained, of course, from the O ( ǫ) calculations of Section 2 . However, Luchini and Charru (2010a ) showed that if we appeal to the averaged energy Eq. (57) in addition to the averaged equations of continuity (55) and momentum (56) , the equations yield the pressure gradient and total shear force at the wall, correct to O ( ǫ). The analysis relies on the fact that the rate of energy dissipation in a bounded domain with specified boundary conditions is minimized by the Stokes flow satisfying the boundary conditions, so that the O ( ǫ) perturbation to the dissipation F on the right hand side of (57) 
since ∇ 2 H w (0) = ∂ p (0) /∂ z is uniform over the cross-section of the pipe. Thus, up to first-order, the dissipation rate depends only on the leading-order parallel-flow solution, so that the pressure gradient up to first-order is provided by the kinetic-energy Eq. (57) and the leading-order parallel flow.
We now have three equations (55) - (57) , valid to O ( ǫ), for w , ∂ p / ∂ z and for the total shear force C w τ w + C b τ b on the boundary of the fluid. However, the motion of particles on the surface of the bed of sand depends upon τ b , and not on the total shear force C w τ w + C b τ b . An approximation that allows us to obtain τ b from C w τ w + C b τ b will be discussed in the next section.
Simplifying approximations

Quasi-static flow
A general feature of the dynamics of sand beds is that the time scale for evolution of the bed is much larger than that for changes in the flowing fluid. The fluid flow can therefore be regarded as quasistatic, and all time derivatives in the fluid equations neglected. The averaged equation of continuity (55) simplifies to become A w = 1 (59) so that the volumetric flow rate is uniform along the pipe (and equal to unity with our choice of the velocity and length scales).
The shape factors α and β and are well-fitted by the correlations (15) and (17) shown in Fig. 6 and vary only slowly with h .
Since h varies only slowly with z , the variation of α and β with z is very slow indeed, and can be neglected. As a result, these shape factors can be moved outside the derivatives in (56) and (57) , and when the time derivatives are neglected due to quasi-static flow, these equations become Re α ∂ w ∂z
To obtain Eq. (60) a term w ∂α ∂z has been assumed negligibly small compared to α ∂ w ∂z , which requires
Since the left-hand side of (62) Bernoulli term, which, using (59) , can be written as
where h ′ = d h/d z is the local bed slope and where we have used (4) to define
The above approximations may be assessed by comparing the above scaled pressure gradient with the exact first-order perturbation ∂ p (1) / ∂ z computed numerically in Section 3 . The comparison is shown in Fig. 13 . Pressure gradients at constant Q become infinite as h → 2, and Fig. 13 has therefore been plotted to show ˆ
av / ∂z andˆ Q ∂ p (1) / ∂z . This is equivalent to considering flow at fixed pressure gradient rather than at fixed volumetric flux. We see in Fig. 13 that the pressure gradients determined via the two routes are all but indistinguishable, the minor differences originating in the neglect of the small term ∂ β/ ∂ z and use of the approximate correlations (15) and (17) .
The ratio of the force C b τ b on the bed to the force C w τ w on the wetted wall
Eliminating the pressure gradient in the momentum Eq. (60) by means of (61) , we find the total shear force on the cylinder wall and sand bed
The first term on the right-hand side of (65) is the leading-order force. The second term is the inertial correction, and we emphasize that this term involves only leading-order quantities. However, the area-averaged equation (65) tells us only about the inertial correction to the sum of the forces on the sand bed and on the wetted cylinder wall. In a plane channel, it is known (by symmetry) that the change in stress is shared equally over the top and bottom of the channel, but here we have no such simplification. We propose to estimate the inertial correction of τ b by assuming that the ratio of the forces on the bed and the wetted wall, C b τ b /C w τ w , is the same as the ratio of the leading order forces,
w , as given by (37) . With this assumption, the inertial correction to the bed shear stress is
from which, using (59) and (4) , we find as computed numerically in Section 3 , with both curves multiplied by ˆ Q as in Fig. 13 . The agreement is excellent, except for h < 0.5. This is the range of h for which the approximation that the ratio of the perturbed bed and wall stresses equals the ratio of the zeroth-order bed and wall stresses is poorest (see Fig. 12 ).
Sand bed dynamics and stability
The equations governing sand bed dynamics
We collect together here the set of area-integrated equations governing the sand bed dynamics, for slow variations of the bed surface. We emphasize that these equations are consistent up to O ( ǫ) and that they involve only the leading-order, parallel flow solution of the full problem. The equations have been nondimensionalized using the length, velocity and stress scales introduced at the beginning of Section 5 , together with the Reynolds number (19) . Within the quasistatic assumption, incompressibility (59) implies
and gives the mean velocity w (z) for given bed profile h ( z ), via the geometric relations ( 1 -3 ). The kinetic-energy equation then provides the pressure gradient (61)
where the leading-order pressure gradient
obtained from Eqs. (7) - (9) . The momentum equation then provides the total force on the pipe wall and sand bed (65)
with the shape coefficients α and β taken from the correlations (15) and (17) . In order to predict motion of the sand bed, we need to know
b, av acting on the bed, rather than the total viscous force C w τ w + C b τ b acting on the bed and wetted pipe wall. But the stress τ
b over a flat bed is known from (11) :
and the approximation discussed in Section 5.2 gives us the stress perturbation (67) due to the non-zero slope:
We now turn to the equations governing the slow time evolution of the sand bed, as presented in Section 4 . Mass conservation of the bedload layer (48) gives ∂h ∂t
where q is the sand flux per unit bed width (non-dimensionalised by Q / R ). This flux obeys the relaxation Eq. (44)
with the dimensionless saturation length (45)
and the empirical saturated sand flux (42)
An illustration of the use of the above equations is given in the next section.
Stability of the flat sand bed
The above fluid and particle equations admit a steady and uniform solution, with height h 0 , bed shear stress τ 0 = τ
b (h 0 ) , and particle flux q 0 = q sat (τ 0 ) . We now consider that this base solution is perturbed so that the bed height is given by the real part of h = h 0 + ǫh 1 e i k (z−ct) .
( 78) The mean stress on the bed becomes
where the derivative of τ (0) b is evaluated (at h = h 0 ) by means of the analytic result (11) , and τ (1) b, av is given by Eq. (72) , again evaluated at h = h 0 . The corresponding saturated flux is q sat = q 0 + ǫq sat,1 e i k (z−ct) with
where the last term accounts for the effect of gravity for non-zero slope. The actual sand flux is q = q 0 + ǫq 1 e i k (z−ct) , with, from (74) ,
Finally, the particle conservation Eq. (73) gives the dimensionless complex wave velocity
With the above relations, and the derivatives of q sat evaluated from (76) , we obtain
where by (77) q ref
which is small since the particle diameter d is small compared to the pipe radius R .
The real part c r of c is the wave velocity (scaled by the velocity W = Q/R 2 ), whereas kc i is the growth rate (scaled by the time R / W ). Fig. 15 displays c r and kc i versus wavenumber, for L sat = 0 and the dimensionless parameters given in the figure caption. These numbers correspond, for example, to a pipe of radius R = 0 . 02 m , with oil flow ( W = Q/R 2 = 0 . 1 m/s, ρ = 10 3 kg/m 3 , µ = 0 . 1 Pa s) over sand grains ( d = 0 . 2 mm, ρ p = 2600 kg/m 3 , c q = 0 . 85 ). In the absence of the stabilizing effects of gravity ( cot χ = 0 , dashed curves), the wave velocity is constant ( Fig. 15 a) , whereas the growth rate kc i is positive for all wavenumbers and increases quadratically with k ( Fig. 15 b) . (If higher order terms were included in the long wavelength expansion, the growth rate would eventually decrease and become negative for high wavenumbers ( Charru, 2006 ) .) At any given flow rate, the growth rate kc i is higher for h = 1 (curves with squares) than for h = 0 . 5 (curves with circles), as expected. Including the effect of gravity ( cot χ = 2 . 1 , solid lines) has no effect on the wave velocity, while its diffusive effect (which scales as k 2 ) simply changes the curvature of the curve showing the growth rate. For h = 0 . 5 (curve with the square), gravity stabilizes all wavenumbers, whereas for h = 1 (curve with the circle), it merely decreases the growth rate. Fig. 16 displays the effect of L sat , for h = 0 . 5 and cot χ = 0 (no gravity stabilization) and with other parameters as in Fig. 15 . The wave velocity ( Fig. 16 a) appears to be weakly affected by L sat . The growth rate ( Fig. 16 b) is more sensitive: for L sat = 0 (dashed curve), it is as in Fig. 15 ; for L sat = 0 . 085 , it is reduced but remains positive (solid line); a relaxation length five times larger (i.e., L sat = 0 . 425 ) stabilizes all wavenumbers (dashed-dotted line). These results can be understood from Eq. (85) Parameters as in Fig. 15 , with h = 0 . 5 and cot χ = 0 (no gravity effect).
The growth rate is the sum of two terms: a positive part proportional to Re τ
b, av , arising from fluid inertia, and a negative part proportional to L sat arising from the relaxation effect. Both terms increase monotonically with wavenumber, with the same functional dependence. Hence, L sat does not provide any cutoff wavenumber. Such a cutoff would arise with the next order included in the long wave expansion, which would weaken the quadratic increase of the inertial term, as mentioned above.
We have checked that use of the exact first-order bed shear stress computed numerically in Section 3 , rather than the analytical approximation (72) , does not change the velocity and growth rate: the curves in Fig. 16 are indistinguishable.
Finally, some comparison with experimental results is appropriate here. Let us return to the case of zero gravitational and relaxation effects ( cot χ = 0 , L sat = 0 ). The growth rate predicted by (85) then reduces to
Since τ
b, av > 0 (see Fig. 14 
where the ratio of the pressure gradient to bed stress is, by (11) , Takahashi and Masuyama (1991) . shown in Fig. 17 . For any given sand (i.e., fixed τ t 0 ), the curve in Fig. 17 shows (to within the constant of proportionality τ t 0 ) the pressure gradient required to create motion of the bed of sand, as a function of the bed depth h . Also shown in Fig. 17 are scaled experimental data for the pressure gradient at which the bed becomes unstable, taken from Figs. 5 and 6 of Takahashi and Masuyama (1991) . The data correspond to particles of crushed rock (diameter 2.18 mm and specific density 2.74) in pipes of diameter 2 R = 49 . 7 mm (squares) and 2 R = 39 . 7 mm (triangles). Assuming a Shields parameter 0.0 6 6, we multiply the measured hydraulic gradients by factors of 100 and 80, respectively, to obtain the non-dimensional data in Fig. 17 . Although both experimental and theoretical critical pressure gradients increase with bed depth h , the experimental values increase somewhat more rapidly: we have no explanation for this. We may re-write (89) to give the dimensional pressure gradient required for particles to move (and the bed to be unstable) when the bed stress is τ 0 = τ ref θ t0 :
where θ t is the Shields parameter (41) . Including the effects of gravity and bedload relaxation ( cot χ = 0 , L sat = 0 ) would make little qualitative change to the above results (although the critical Shields number for instability might now be larger than θ t 0 ). Any attempt to make a more detailed comparison between theory and experiment would strongly depend on the choice of the saturation length, which controls the most amplified wavenumber and is still known only poorly ( Charru et al., 2013 ) .
Summary and conclusions
We have extended existing analytic results for flow over a uniform sand bed, in order to predict the flow corrections that occur when the height of the sand bed is no longer uniform along the length of the pipe, namely: (i) the Stokes secondary flow in the cross-section and (ii) the inertial longitudinal flow. (Note that secondary flows do not occur for laminar plane flow above a uniform sand bed.) In particular, the inertial correction to the stress depends not only on the height h of the sand bed, but also on the bed slope h ′ . As a result, the stresses acting on a bed perturbation of the form h ∝ sin ( kz ) need not be in phase with h , and bed instabilities can occur. A noteable result, useful for practical purposes, is that the relative contributions of the mean inertial stress over the bed and over the wall to the total inertial force on the fluid can be accurately estimated from the leading-order, parallel flow calculations.
Various restrictions have been noted in the course of the analysis. The unperturbed flow above the unperturbed, uniform sand bed must be laminar, which requires the Reynolds number ρQ /( R η) (19) to be below the threshold for turbulence. The non-circular form of the fluid cross-section suggests that this criterion should be based on the hydraulic diameter and thus the lengthscale R in the Reynolds number should be replaced by the wetted perimeter C b + C w (2) . The restriction that the perturbed flow should be laminar requires only h ′ Re ≪ 1, where the bed slope h ′ , typically O ( d / R ), can be considered arbitrarily small in a stability analysis. This condition is therefore automatically satisfied when studying the onset of instability. Finally, we have assumed that the stress on the surface of the bed is such that there is a thin bedload layer of moving particles, rather than a completely static bed or a thick layer of suspended particles. This marks the changeover between a static bed and the moving bed that we have shown to be unstable, and occurs at the pressure gradient given by (90) .
The area-averaged model of Luchini and Charru (2010a ) , combined with the approximation for the distribution of stress perturbations over the pipe wall and sand bed, leads rapidly to predictions of the average stress perturbation on the sand bed, without the need for the full analysis of Section 3 . Although these areaaveraged predictions require only knowledge of the leading-order parallel flow solution for the fluid flow, they are valid up to firstorder in the small-slope parameter. The predicted perturbations of the pressure gradient and bed stress are very close to those computed from the full perturbation equations.
The averaged equations, which include the kinetic-energy equation as well as the equations of continuity and momentum, form a closed set of consistent 1D equations which should be useful for predicting sand motion in long pipes, e.g., in the petroleum industry. In particular, they provide a rapid route for predicting the growth of instabilities of the sand bed. The results may equally well be applied to other problems that depend upon the shear rate at the bed/liquid interface, e.g., heat transfer. Since the dynamics of the sand bed are slow, the bed has been assumed quasi-static, but as long as the rate of growth of instabilities is small, there is no reason why the bed cannot be replaced by viscous fluid, thereby enabling an investigation of the rate of growth of instabilities on a fluid/fluid interface.
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The total force on the sand bed, ζ = 0 , is 
To evaluate the first integral in (121) , we set ω ′ = 0 in the inversion rule for Fourier cosine transforms,
to obtain 
The total force on the sand bed (121) is therefore 
The total force on the wetted portion of the circular wall is After again using the inversion result (122) , we find that the force on the wall is 
The total force on the boundary of the liquid is
